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SOLUTIONS OF PROBLEMS. 

GEOMETRY. 

504. Proposed by NATHAN altshiixer, University of Oklahoma. 

The base of a variable triangle is fixed, the opposite vertex describing a given line. Find the 
envelope of the side of the pedal triangle opposite the moving vertex. 

Solution by Shelton P. Sanpoed, University of Georgia. 

Let the base of the triangle be the line joining the points (0, 0) and (n, 0). Let the given line 
be (1) y = mx + 6. 

Then one side of the triangle will be (2) y = ax. 

Solving these equations, we have x = 6/ (a — to); y = ah/ (a — to). 

This, point of intersection and the point in, 0) determine the other side of the triangle, 
(3) y = abxjH — abn/H, where H = b — an + mn. 

The altitude from the point (n, 0) to the line y = ax is (4) y = — x/a + n/a. 

The altitude from the origin to the line y = abx/H — abn/H is (5) y = — Hx/ab. 

Solving (2) and (4), we have x = n/(a 2 + 1); y = an/(a? + 1)) = Pi. 

Solving (3) and (5), we have 



x = a 2 & 2 -n/(a 2 & 2 +ff 2 ) 
y = - abnH/baPV 



m \ m 
+ IP) J " 



These two points of intersection (Pi and P2) are sufficient to determine the required side of 
the pedal triangle, which is found to be 

y = ax(H + b)/(H - a 2 6) - abn/(H - a?b). 

Substituting for H its value (6 — an + mn) and arranging according to powers of the 
parameter a, we have 

a?(nx — by) + a(bn — 2bx — mnx — ny) + (6 + mri)y = 0. 

Differentiating with respect to the parameter and eliminating, we have 

x*(4& + 4fero« + toW) + 2/ 2 (46 2 + 46ron + n 2 ) — 2xymn 1 — x(4&n + 2to« 2 ) - 2ybn i + UW = 0. 

This equation represents a conic with one of its axes parallel to the given line (y = mx + b). 

Also solved by Paul Capron and Oscak Adams. 

505. Proposed by O. S. ADAMS, Coast and Geodetic Survey, Washington, D. C. 

Construct a triangle, having given the sum of two sides, the angle included by these sides, 
and the altitude from the given angle upon the thu;d side. (See figure on page 330.) 

Solution by Mes. Elizabeth B. Davis, U. S. Naval Observatory. 

Let the sum of the two sides be 2k, the included angle a, and the altitude on the third side B. 
Construct A BAC, making z A = a and AB = AC = k. Draw AO, the bisector of Z A, 
and erect perpendiculars to AB and AC at B and C, respectively, meeting AO in E. Then is E 
the focus of a parabola of which DO is the axis, and BC the tangent at the vertex D. Every 
tangent to this parabola cuts off on AB and AC intercepts whose sum is AB + AC = 2k. There- 
fore, the third side of the required A is a tangent to the parabola. Since the perpendicular on 
it from A is equal to B, it is also tangent to the circle whose center is A and radius B. 

Therefore, the problem is to construct a common tangent to this parabola and circle. 

On CA, lay off CO = B. Bisect CO at H, and with H as center and HE as radius describe a 
semicircle meeting AC, produced if necessary, in K and M . (It is sufficient for this purpose to 
find the points K and M .) 

Then OK = CM. Also, E being on the circumference, and EC perpendicular to the diameter 
KM, we have 

EC 1 = (B + OK)-CM = (B + CM) -CM. 
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From E as center, with radius CM, describe an arc intersecting BC in the points N and N'. 
Join EN (or EN'). Through N (or N'), draw ST (or S'T'), perpendicular, respectively to EN 
or EN'. Then A AST (or A 'ST') is the required triangle. 

Proof.— Draw AL (or AL') perpendicular to ST (or ST'), pro- 
_£ duced if necessary. Since LW, the perpendicular from i? to ST, 

meets /ST in its intersection with BC, it follows that ST is tangent 
\K to the parabola. Therefore, the sum of its intercepts on AB and 

AC is 2k. That is, AS + AT = 2fc. Also AL = B. For, the A's 
ALQ and .EiVQ, both being right A's, and the vertical z 's at Q 
being equal, the A's are similar, and 




By composition, 



AL-.EN = AQ: EQ. 
(AL + EN) :EN = AE: EQ. 



(1) 



But in the right A ENQ, ND is perpendicular to the hypotenuse 
EQ. Hence, EQ =? ENVIED. Substituting this value of EQ in (1), 
and dividing the second and fourth terms by EN, we have 

(AL + EN) : 1 = AE : EN /ED, 
or 

(AL + EN) -EN = AE-ED. 

But in the right A ACE, AE-ED = EC 2 , and it has been shown that EC* = (B + CM) -CM. 
Therefore, (AL + EN) -EN = (B + CM) -CM. But EN = CM by construction. Therefore 
AL = B. 

As indicated in the proof, there are two possible solutions. 

Also solved by Oscar S. Adams and N. P. Pandya. 

506. Proposed by s. A. COREY, Albia, Iowa. 

Given a pentagon, plane or gauche, whose sides a, b, c, d, e are represented by the vectors 
x, y, z, v and (x + y + z + v), respectively; and a second pentagon whose sides oi, 6i, ci, di, ei 
are represented by the vectors r, s, t, u and (r + s + t + u), respectively, where r = Cix — day 
— CeCiZ + CyCsdV, s = ax + Ciy — CifiiZ — CeCtf), t = CiZ + c s x + CiOU + Csfiiy, u = cut — dX — az 
+ c%y; Ci, C2, c 3 , c 4 , c 6 , ct,, being ordinary scalars. 

Then prove the existence of the following relation between the sides of the two pentagons: 

(cj 2 + ccf + CeCs 2 + Cf,C(,c i i )(x i + c 6 2/ 2 + c«z* + dc^) = r* + ds 2 + cd* + M<u*. 



Solution by the Proposer. 

Inasmuch as the relation to be established between the vector sides is identical in form with 
a well-known algebraic identity, it is sufficient to show that the identity holds when certain of the 
algebraic (scalar) quantities are replaced by vectors. It is well known that the noncommutative 
character of vector multiplication does not affect the scalar part of the product of linear vector 
functions in the particular case where that product is a homogeneous quadratic function of the 
vectors employed. As this condition is satisfied in this problem the identity holds, and the 
existence of the given relation between the sides of the two pentagons is proved. (In forming 
the vector sides r, s, t, u the direction of the vectors x, y, z, v must be carefully noted.) 

Inasmuch as vector addition is commutative it follows that the given pentagons may be 
replaced by certain other pentagons having the same vector sides placed in some other order of 
succession. Some of the sides may, of course, be zero, in which case the resulting figure would 
not be a pentagon. To illustrate, let x, y, z be the coterminous vector edges of any parallelepiped, 
v in this case being zero, and if ci = c* = c» = c« = e» = c« = 1, then r, s, t and u are the diagonals 
connecting opposite corners of the parallelepiped, and the formula asserts that the sum of the 
squares of all its 12 edges equals the sum of the squares of its four diagonals; also that the shape 
of the parallelepiped may be changed without altering the sum of the squares of its diagonals, 
provided that no change is made in the length of its sides, or in the sum of their squares. 

Similarly, if Ci = 0, v = 0, c 2 = c 3 = a = c 5 = Ce = 1, the formula asserts that three times 
the sum of the squares of any three coterminous edges of any parallelepiped equals the sum of 



